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Calculation of atomic energy levels for electronic configura- 
tions with one electron outside a nearly closed shell and two 


holes in this shell for LS and pair couplings 


By Nits Henrik MOLLER 


SUMMARY 


General formulae are given for the energy matrix of electronic configurations with two 
holes in a nearly closed shell and one electron outside the shell. The results are valid for 
arbitrary values of the angular momenta both of the electrons in the shell and of the elec- 
tron outside the shell. If our formulae are specialized to the configurations p*p and p‘d 
they agree with earlier results obtained by Yamanouchi [1] for the case of Russell-Saunders 
coupling. Our results also apply to the pair coupling scheme of Racah [2] and have been 
used to investigate the spectrum of singly ionized argon, ArlIlI. 


Introduction 


The extended analysis of the spectrum of singly ionized argon, ArlI, by Minn- 
hagen has given a large number of new energy levels based on different p*n/ 
configurations. He was able to compare his experimental energy values with the 
theoretical ones given by Yamanouchi [1] for p*p and p*d, but for the p*f and 
p'g configurations, for which he has found complete systems for several n values, 
no theory has previously been given. 

In the present paper, a general treatment of p*/ configurations is undertaken. 
Our results agree with those of Yamanouchi for /=1 and /=2. For /=3 and 
1=4 the results are tabulated. The experimental data indicate that the con- 
figurations p*l with 1=1 and J=2 can be well approximated with the aid of 
Russell-Saunders coupling while the configurations with /=3 and /=4 are per- 
haps better described with the aid of the pair coupling scheme of Racah (i.e. 
| (8; 82) Sto, (Ly tp) Ly2, Jaa, 13, K, 83, J>, cf. [2]). A detailed comparison between 
these results and experiments is published by Minnhagen in this issue of the 
Arkiv for Fysik. Our results are also valid for other systems containing two 
holes in a nearly closed shell and one outer electron. 

To make our discussion reasonably self-contained we first compute the energy 
matrices for configurations consisting of 2 and 3 electrons outside closed shells. 
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Two electrons outside a closed shell 


Let the electrons have angular momenta J, and J, (with components m, and 
m, in the z-direction). We combine their wave functions with the help of Clebsch- 
Gordan coefficients (our notation for these coefficients is similar to that of [3]) 
to a wave function with total angular momentum L. 


y2 


where %”5(12) is the spin wave function of the particles 1 and 2. 


|LMy => Cy ly my ma| LM [uh (1) wh (2) 28 (12) — wht (2) wits (1) 458 (21)] (1) 


2 
We are interested in matrix elements of the type <DM BS L' M'). These 
12 


quantities are sums of expressions of the type 8°1 in [3]. They are, as is well 
known, of two kinds, J and K (see [3] 8°12), which are the Coulomb energy 
and the exchange energy respectively. Considering the first of these and using 
the formula on top of p. 175 in [3], we can write 8°1 in [3] as 


4 , 
F~bsx Bags SE Pag (Umer | dQ, Yi" (Oy) Va" (Q,) YP) 


2A+ 


; | dQ, Yi; (Qy) Yf (Qy) Y*(Qy) (2) 


where Y;" denotes the conventional spherical harmonic with phase factor as 
defined in [4] and F” is given by 8°15a in [3]. We have 


[ 2a rma) vP(0) 7s (0) — | Clean (ahh) (: Ppt ). 


4 4a 00 0} \m, mz mz 
(3) 
(See [4] p. 63 and (3.7) where the Wigner 3—j7 symbol \ Ja Is is defined.) 
mM, M, mM 
Consequently, we can write teins 
J = dss: Omgm's 2 > aA F’ (4) : 
where i 
‘ Ll, a L, 1 Wilds laid [ive te A 
a = (21, +1) (21,+1 be )( aike: Mes ee 
: 2*D\o 00 —m,m, —p) \0 00) \—mg ms pu)’ (5) 
Analogously, we get for the second type of term in 8°12 
i= Oss’ Omgn's > 2, Ba Ge (6) 


where @ is defined in 8°15b in [3] and 
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Ba=(—1)8 (21,41) (21,41): 


(3 ly 5) ( Ll, 4 fe i) i- lL, A (—1)™tmte - 
00 0/\—m, mz, —n) \0 0 0 M1 — My fl et 


Collecting (1), (4) and (6) we get 


2 
<LM fa L'M')= > <l, lz m, m,| LM) <1, 1, my mz|L My 
12 iis 
"2,2 (a F'+ BiG’) bx daar dss: Imgm's = (> fa F* + (— 1) 92") 0x1 Ore dss Ongms 
(8) 


The relation between Wigner’s 3— 7 symbols and the Clebsch-Gordan coefficients 
(see [4] p. 46) gives us 


= tl L)\ (i, |, LN ‘ : 
es Fe Mg 4 (a m, —M (22 +1) (21, +1) (20, +1) 
, 2 
. i L A l, l, ‘) L L, a) ( ly l, | (— Pyare 9) 
0.0.0) \00 0) \—m, mi —p) \ amy més uw . ( 


Because of symmetry, /; must be independent of MW and we can extend the 
summation to M if we divide by the number of terms in this sum, 2Z2+1. 


a 1, 1, A\ [ly 1, A PS avieed L ls =f 
fa= (21, +1) (21, +1) Fee ‘) (Re 0 i) no m,m, —M 


-( i ty i) ( l, 2a 4 ( ly a ‘) (—1)™ tte, (10) 
—m, —me M}] \—m, m — pw] \—m, me us 


We have used the symmetry property (3.7.6) in [4] for the second 3—j7 
symbol in the sum in order to get the sum in a form suitable for the next 


step of the calculation. Introducing Wigner’s 6— 7 symbol if fs | (see [4] Ch. 6) 
45 6 


and using the formula (6.2.3) of [4], we see that 


"i . 1, 1, A\ (1, b, ‘) L, ly 4 Piste 
Analogously, we get 
a . Li a\ Pia, 2 
ga= (21, +1) (21,+1) (c 0 ‘| 11, af (12) 
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The results we have found here and those we shall find in the next section 
have earlier been obtained by Racah, [5] and [6], but we give them in a slightly 
different form, which is useful for our later applications. 


Three electrons outside a closed shell 


In this case we calculate 


2 2 2 
CO ee eet ae PER) — 


Tyo 1o3 "13 


=(LM|H,,|L' M’)+<LM|H,s| L' M')+<LM|Hy,|L' M’y. (18) 


(We still consider Russell-Saunders coupling.) 

Here, we shall couple the angular momenta J,, J, and 1, to a resultant L. 
This can be done in different ways (see [4] Ch. 6). The relation between states 
obtained by coupling three angular momenta in different orders to give the same 
total angular momentum is illustrated by the relation (6.1.5) in [4] which can 
be written 


lGiidiistje Yo pee 3 ‘ a [(2 4x2 + 1) (2403 + 1)}* | it, (io 45) joa» J> 


23 )3 J Je3 
(14) 
and which is frequently used in the following. 
We start with 
2 
, , e ? ’ 
<LM|H,,|L M = Ch, A) Ly., ls, Le (1, PY) Ly2, ls, L 
= <(L, 1.) ) Lis |— -|( L, I,) ) Lye) Oxy Oum’ = 
= O11 Omm: 01,1" OM’, O85" Omg, m,, : » (fa F* + (—1)*"9, G’) (15) | 
where f, and g, are given in Eqs. (11) and (12) above. 
The second term in (13) is given by 
2 
LM |Hys|L! M'>= (ly by) Laas by, L|—| (1, tg) Liv, by, LY (16) | 
23 


or, if we write out explicitly the spin quantum numbers of the states 
(LM | H,s| L’ M'> = 


= C(L, 1,) Lys, ls, L, ((S1 8) Sy5, 8) S, J|— -| (2, J 2) Liz, ls, L' » ((81, 83) Ste, S3) rei J>= 


z Or Oum: SS 


23 L's 
Soy S’o5 


Ly2\ {ly ly Las OL j : 
Loa \ le roe [(2 Ly, + 1) (2 Lye + 1) (2 Ly, + 1) (2 Leg + 1)]* - 
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| 


Omni: 2 {fa (Ip Us D3) F’ (23) + 92 (I, 13 Log) G? (23) (— Lyi} O5,,5'x = 


DH ple 


va eel [(2 Sy + 1) (2.Si2 + 1) (2 Syg + 1) (2 S23 + 1)]* - 
Bel |e Shale j pe ek X 


= 62100 > (fi +926") (17) 
where we have used (14). 


fi=6s,5°, [( uae, 1) (2 Lin + 1)]} (2 I+ 1) (2 ly + 1) & l, a) ( ls i) 5 


00 0/ \00 0 

Eetoglas| ley ba Lore] (le, ent 
Se 1 Ts 1) 22 2-722 1 “2 “412 2 9723 3h 
joe i a = la get antag 3 pil 


In the last 6— 7 symbol above we have used the symmetry property which 
allows us to interchange columns (see (6.2.4) in [4]). 


: ‘ I I, A\ [ls Ig A\ [E42 A. La 
s i 2 bs ee 12 PAE 
fa=[(2 Lyy +1) (2Li2 + 1) 2h +I 2h+) (7 a4 (; RM Fe Ll, 


(Fs gee 


; i ; (— ge ge OsuS'a* (18 b) 
2 pig 


To obtain Eq. (18 a) we have used the formula 


SH ara en +1) (28,.+1)=ds,s (19) 
2 2Sh2* 
Sas 3 S Sos 2 S So3 a : 
((6.2.9) in [4]) to evaluate the sum over the spin states. Furthermore, Eq. 
(6.2.12) in [4] has been used to perform the summation over L,,. In a similar 
way we find with the aid of (6.2.11) in [4] the following expression for 9. 

a Siet S’ : + Syp 90 (9 21 

peat lL)" 1S So [(2 Sy, + 1) (2Si2 + 1)]? (24, +1) (213+ 1)- 


RaS{V|4 (FIRE. L, l, Ty) [1, i L 
> / 4 2=.°3 ¢ Lia he 23 : 
[2Ly2 +1) 2 Lne+1)] legal Pein nin {i eel ti i eo) 


This formula can also be expressed with the help of Wigner’s 9—j symbol 
(see [4], 6.4.): 


i= = yeaa : a [(2 Sy. + 1) (2 Sie + 1)}* (21, +1) (21, +1): 


1S Sis 
lp Ie A\]? ‘ Is : 
*((2.L4.+ 1) (2Li2+1)}' I(? AN ‘)| l, LDielgp. (20a) 
LyL |, 
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However, since the 9—j symbols are not very extensively tabulated, (20) is the 
formula to be used for numerical evaluation of gj. 

For reasons of symmetry, the matrix elements of H,, are the same as the 
matrix elements of Hyg. The total energy is hence given by the sum of Eq. (15) 
and twice the expression in Eq. (17). 


Almost closed electron shell 


Now, we shall make calculations, similar to the preceding ones, for holes in 
electron shells instead of particles outside closed’ shells. For one hole and one 
electron outside a closed shell, calculations have been done previously by Con- 
don and Shortley [3], Shortley and Fried [7] and Racah [6] for some special 
cases. Racah also treats the d*°p configuration in [6]. We shall do the corre- 
sponding calculations in a more general way, which will be easily modified to 
fit our case of 2 holes and 1 outer electron, first for LS coupling and later 
on for pair coupling. 

A closed shell with a given / consists of 2(21+1)=n electrons. Let u;(i=1, ..., 7”) 
be their wave functions. If %(+) denotes spin up and X%(—) spin down, we 
introduce the notation 


241 = 9(r) Yr? Xx (+), (21) 
U2 41) = P (7) Yi X=); (22) 


Applying the spin operators S; and S_ and the angular momentum oper- 
ators L, and L_(S,=S,+78,, L,=L,+1L,) we have 


life if 7 is even, (23 a) 
S,uj= te tas 

0 if 2 is odd. (23 b) 

a u={" i is even, (24 a) 

Wisi if 7 is odd. (24 b) 

Ly 0 = V(l— my) (U+ m+ 1) wi2 (25) 

and Duy = V(l+m) (L—m, +1) wise. (26) 


where m,;=1l—j both for i=27+1 and for i=2 (j+1). 
We define (with P=the permutation operator of [3] p. 162). 


1B> =F & (UP Play (1) ty (2) «++ ten (2) (27) 
(the wave function of a closed shell), and 


|$i> = (= UP P(u, (1)... aE) ts (8). Ua(@— 1) (28) 


To 1)! 
(the wave function of a shell with one particle missing). 
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Applying spin and angular momentum operators to |4;> we get 


L,|$> = —mi|¢>. (29) 
S.|d>=(—1)'4]| do. (30) 
8.14)= {? 0 if 7 is even (31 a) 
|disi> if ¢ is odd. (31 b) 
Biase (it-? 24 an 
if 7 is odd. (32 b) 
L..|$;>=V(l— mise) Gebina 1) eee > (-1)? P(u, (1)... u_1 (¢—1)- 
Vin—1)! P 
uj (t+ 1) Wix1 (2) Wir (1+ 2) od Un (i — 1))= V(l—mi+2) (b+ miso + ae 
V(n—1)! 
x (—1)?*! P(u, (1)... wa (G—1) my (4) Wigs (+1) Wiss (G+ 2) ... Up (n—1)) = 
= —V(l— miss) (1+ mize + 1) |$i42>. (33) 


Because mi,2=m;—1 the square root in front of |¢i,2> can be written 


V(l+(—my) +1) @—(—™m)). 
Consequently ldi>=(—1)™|1, —m, 4, (—1)' (34) 


where, in particular, we note the phase factor (—1)™. 
Now we are going to calculate the energy matrix of a hole, i.e. 


2 
Xi = <i a) 4 d)>. (35) 


As is well-known, this matrix is diagonal. We can verify this with the aid 
of the following explicit calculation. For 7+7 we get 


gC, (1) one 4-3 (6 — 1) 00441 (8) «.. Uy (2 — 1) [2 15 > (-1)? P(u, (1)... w-1(7-1)- 


2 


yea (f) ot (= ))> = (= 1YF Sty (1) te (2) [=| a (1) te (2) = te (2) te (1) = 
- 12 


=(—1)? D3 Z [az F? Srna, — ba O Smg,ma, Omajmey | (36) 


ET A\\|? A Ll ‘| : - 
= 2 =i Mj + Mk 3 
where a,=(21+1) H(o00)| fs e4 o eee ey sea ® / (37) 


141 


N. H. MOLLER, Atomic energy levels for electronic configurations 


L beh \ aero 3 A Lo doa 
ave 2 capil tiesto 38 
and b= (24+) lial isos My * ete mM; ‘| be 


are obtained from Eqs. (5) and (7) above. Note, that the 3—j7 symbols in a% 
and b, vanish if m,;+m,. Consequently X,,=0 if 7-7. If we calculate X;, we 
get an expression dependent on / but not on 7. This means that all holes in a 
shell have the same energy, that is 


2 
Xy= dy 21(21+1) ) ee 2 G (ane) \. (39) 


We now turn to the case of one hole in the shell and one electron outside 
the shell. If we denote the latter electron with v, its angular momentum with 
l,, and if the electron shell with one missing particle has the wave function 
|¢;>, we get the total wave function 


ly>= Tai © (—1)? P(u, (1) ... Wi-a (6-1) Ui ga (4)... Un (W— 1) v(n)) = 


ie 
-F2 ¥ (- 1 Pm (1). ty-1 (6-1) 0(6) isa G41)... tq (m)). (40.8) 


yy >= a (HVPE P (ay (1) «ya G1) 0G) 4a FFT) Un). (40 b) 


2 2 
<pi| S | yyy =(— 14 Gv (1) uy (2) || 0! (1) 4, (2) — 0" (2) 4 (L)) + 
k>l Tr N12. 


n 2 
+} & (1) an(2) |=] 0 (1) te (2)— 0" (2) ay (1)> + 


12 


2 
+ by Oop" feb _<uell ta (2) | | a (1) a (2) — te (2) a (L)>. (41) 


The second term in (41) can be rewritten as 
n e 
> <v (1) ty, (2) |—| 0! (1) aug (2) — 0! (2) uy, (1) = 
k=1 "12 


as Lye 
= Boe 2(21+ 1) FO (4) — (21+1) > ( )| ar}. (42) 


A 


The third term in (41) is equal to 64; dyy- Xj. 
Inserting this in (41) we get 


142 


ARKIV FOR FYSIK. Bd 18 nr 9 


k>1 Vr 


2 i 2 
Cpl 2, Lv = (— DOF Co(d) wy (2) |] (1) (2) —v' (2) u (1) + 
12 


2 
#8y 850 2141) [ATF +2 FU) 20S UY) ( l | a 
2 000 


a Gaieay 
~ Sean ?)P “ 


2 
é , : . 2 
We see that <y;| > |p consists of two terms, one of which is dependent 
k>1 Tx 


on / and J, but not on % or j, and which is a kind of zero-point energy. This 
expression does not interest us here and we disregard it from now on. Con- 
sequently, we write 


2 


2 
<ys| > —l yp ~ (- 4 <0 (1) w (2) Fal (1) uj (2)—v' (2) uj(1)>. (44) 


k>l Vx 


With the aid of the same technique as before, we get 


2 . 
(Wi | > : | yn» a lye Ona Omejme; > % FP 8 ng Ms, Omsyms, 2, O,G"} (45) 
k >] Trl v v 2 v v J a 


where 


LL A\ (ly la tt A (aan ge | 
aa= (21+ 1) (21, +1) (; Fadl fi 0 ;) (4 i uf) (ee zi ) (—1)" mete, 
(46) 


2 
b, = (21+1) (21,+1) ( eit ey an a 2) (caine (47) 


00 0 —™M; My — pw] \—M, Mm UL 


The states |y;> in Eq. (40) can be added with Clebsch-Gordan coefficients to 
give states with definite total angular momentum. Noting the factor (—1)” in 
Eq. (34) we get 


|\LM,SM y= > <ll,—mm,| LM) <44-—m,,m,,|S$Ms>(—1)™| pp. (48) 
mimy 
MsiMs,, 


With the aid of the two formulae 


On ;Msz Da Ms 7 
, 3p 87 $y $y) 
= Cbd mm 18 AA mm at | ae 
Neat Omnayre, Ornsjrns,» 
— Oss’ Omsms fae, 
— 2 dss: Ousug Os0 Om 30 (49 b) 
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Tables 1. Coefficients for the electrostatic integrals F* and G’ in Russell-Saunders 
coupling when there are two holes in a p-shell and one electron outside the shell. 
The total angular momentum is £. The parents of the terms are used for 
classification of the levels. 


la. Diagonal terms (doublets). 


Parents| £ tie fe | 9,4 41 
1g l 1 0 aot ene 
2 (412-1) 2(204+1)(21+38) 
l 
Oe an en? li a a é pieced 
10 (21+ 3) 4(21+3)2 
lhe ik 9(l+1) 91 
10 4(412—1) 4 (21+1)(21+3) 
t+1 = 
10 (21-1) 4(21—1)2 
l 
1p 1+2 1 0 2 ey) 
5 (21+3) 2 (21+3) 
1+6 
Eel.| a ieee 0 ae 
10 (20+ 3) 4 (21+ 3)? 
Adil 412+ 41-15 (1+ 1) (2043) 1(21—1) 
10 (21-1) (21+ 3) 4 (21-1) (412-1) 4(21+1)(21+3)2 
1-5 
10 (21-1) 4 (21-1) 
t+1 
ae 31 ; 
5 (21-1) 2 (21-1) 


For the quartets, f, and he are the same as for the doublets but 9,17 9144 = 9- 


we finally get 


LM, 8Ms| 3 <|L/ M8! M3) = dso Ouaué Sax Sue . 
*{— > fr F’+6s0 > 9, G"} (50) 
with f= S Uly—mymy| LM Uly—m, me | LM) ay= 
eat 1 DP A\ fide 
=21+1)@h+1)(5 44] fee er *}(-0F (ole 


which is the same as f, earlier in Eq. (11). 
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1b. Non-diagonal terms (doublets). 


Parents | ie | he Fay Girt 

epeieuee. 

Sane ee ; , _3 V3 Via+2) 
4(21+3)2 

> A 

wis : 3 Vi@+1) “4 3 Vid+1) 
2 V2 (422-1) 2 V2 (21+1) (2+3) 

V2Vi@+1) ; 1(21+3) (1+ 1) Vi(21—-1) (+1) 


ig }-1p } ee - > 
5 V(21+3)(20-1) | 2V2(20-1)'2 (2141) 2 V2 (2141) (2143) 


er ae 
3(1+1)V21+3 31V 21-1 
3 
Pit) 1 0 ae? “re 
4(21+1) (21-1) 4(21+1)(21+3) 
3V3Ve— 
3P 1p t-1 0 gas! 0 


2 
ga = 2 (21+ 1) (21,+1) [al > <ll,—mm,| LM) <ll,—m,m,y| LD My - 


Te 
i i, lL, 1 ; 
5 ( ‘) ( ‘) (- ])mtmete, (52) 
— MM; My —p ~My MN Uh 
Which can be simplified to 
2 a te 
asp ety en+n|() 8 o)| Ora (53) 


with the aid of Eqs. (3.7.3) and (3.7.8) in [4]. Because in our case of ArlIlI 
there are 2 holes in the shell and one electron outside it, we must go one step 
further as in the earlier case of three electrons and calculate the corresponding 


F and g, here. The angular momentum, to which the holes and the outer 
electron are combined here, is £ and the resulting spin is $. Using again for- 
mula (14) we get 


, Lt A l, ly A L A tas 
fa=[(2Ly2 +1) (2 Lie + 1)]* (20+ 1) (20, +1) (, 0 ‘) i 0 ;) fe £ ‘a 


im ; ra (- bisa OSaS' he 


and Gr=4F[(2 Ly. +1) (2Li2+ 1) (2815+ 1) (2 Ste + 1)]* (20+ 1) (21,4+1)- 


, L 2 an eae 
FLEE LEILA troy, 


The total energy is given by 22 ( —}, F’ +9,G’) + energy of parent ion. 
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Tables 2a, b, c, d. Coefficients for the electrostatic integrals F’ and G’ in pair 
coupling (i.e. | (8,82) Sy, (1, 1,) Lys, Jy) Us, K, 83, J> cf. [2]) when there are two holes 
in a p-shell and one electron outside the shell. 


2a. Diagonal fe 


Parents S19 | K | 2j2 | l=3 | l=4 
(ae aaa eae 
See 
l i 2 
1 1+1 _ — a 
10(21+83) 30 55 
: 7 1 1 
10 10 10 
t+1 2 1 
t-1 ——_— — — 
10(27—1) 25 14 
ee ee ee | eee 
l 1 4 
2 1+2 — ——— ae a hae 
5 (21+8) 15 55 
1+6 1 1 
t+1 -——— a - 
10 (27+3) 10 ry 
; 15—41(1+1) ll 13 
10(21—1)(27+8) 150 154 
1-5 1 
fi ieee sd Aor aids 
10(27—1) 25 70 
1+1 1 
1-2 frag ae Sear et ee 
5 (21-1) 25 Ff 
ES ee ni eke pat on | 
1D 2 1+2 Pvt Pa a oe 
5 (21+ 8) 15 55 
1+6 
1+] cee =< ane 
5 (21+8) 5 11 
I - 41(1+1)—15 11 13 
5 (21-1) (21+8) 15 77 
l= 
ney PP i 2 1 
5 (27-1) 25 35 
2(i+ 
1-2 241) 8 2 
5 (21-1) 25 7 


1 


5 All jo=l. 


oF 1 
fa is the same for tae hs and for J=K-— 
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2b. Non-diagonal fie 


Parents | K | Te lh due 27% | 1=3 | l=4 
Bina e Vaz I te. 
ae ; ; 2V2Vi+1) 4V3 4V770 
5 V(21-1) (2143) 75 385 
aaers ee os par 
: : = 
ap ae : P aah Vue) 2V3 2V'770 
5 V (21-1) (21+3) 75 385 
3 Vi(i+2 15 
eaten te _3Vid+2) 5 | _3Vo 
10 (21+3) 30 55 
: , ; 3 V3 Vis 3 231 
10 V (20-1) (2143) 50 770 
eye |e z 3 Vii—1) (+1) 3 V2  3Vis 
10 (21-1) 25 70 
All fo=0. 


The two formulae above are very convenient for a numerical evaluation of 


the constants hi and g, when a table of the Wigner 3—j and 6—j symbols is 
available. For the particular case of ionized argon (ArII) we have /=1 and an 
arbitrary value of /,. For this case, the tables given at the end of ref. [4] are 


sufficient for an evaluation of f, and g;.1 The result is given in table 1. The 
states are classified with the aid of the quantum numbers of the “parent ion’’, 
i.e. with the aid of S,, and L,, together with the total orbital momentum C. 
The index 4 takes on only two different values. For the ‘8 state of the parent 
ion we have only one state (a doublet) with £=1 for ArlIl. For the *P state 
of the parent, we have (in general) three possible values of £, viz. C=1 and 
£=/1+1. Furthermore, these states can be either doublets or quartets. Finally, 
the parent state ‘D gives rise, in general, to 5 values of £, viz. £=1, C=1+1 
and £=1+2. They are all doublets. In the special case that 1=1, the quantum 
number £ can only have the values 3, 2 or 1. 


1 In the tables of 6—j7 symbols of [4] we have found a couple of misprints which should 


. , + [a Bo4c 
be pointed out. First, on p. 131 in von oy 


: ie i on. p. 132 should be 


a factor (s:—2b—1)* in the numerator has 


been omitted. Second, { 


182 [(a +b+1) (a—b) ~c? + 1) [6 (+1) (s—2a) (s—26)(s—2e+])}t 
, ab. "[(2b—1) 26 (2b +1) (2642) (26+3) (2c—2) (2e—1) 2c(2e+1)(2Qe+2)}# 


The latter 6—j symbol is given correctly in Edmond’s earlier version of [4], i.e. his lecture 
notes “Angular momentum in quantum mechanics’”’, CERN-Publications 55-26. 
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> 2 c (cont.) 
ee ee ee tee ee a 
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Table 1 contains as special cases the results Yamanouchi has obtained in [1] 
for p*p and p‘d configurations. We get the corresponding values if we put J=1 
and /=2 in table 1. At the first sight, his results seem to be quite different 
from ours. However, if we multiply our expressions with a suitable factor and 
(for the g,:s) add another number, we arrive at exactly the same results as 
Yamanouchi except for some signs in the non-diagonal terms which, however, 
do not affect the energy values they give. (E.g. for /=1 multiplying the g,:s in 
table 1a with 50 and adding —10 we get the same values as are given in [1] 
for the corresponding terms of the p*p configuration.) This difference in the 
result can be traced back to a different definition of the integrals F* and G’. 
Further, the additive constant in g, depends on our having dropped a zero- 
point energy term in Eq. (43). In this way, we see that there is complete 
agreement between Yamanouchi’s results and ours. 


Pair coupling 


Until now, we have only considered ZS coupling. Now we are going to in- 
vestigate how our results are modified if we assume a spin-orbit interaction 
giving rise to the coupling scheme (see [2)): | (8, 8g) Sry, (by te) Lie, Sug, Ug, Ks 85, J. 
The relation between this coupling scheme and LS coupling can be found by 
repeated use of (14): 
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This formula allows us to use our earlier results for LS coupling in the fol- 
lowing way 
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For our particular case of ArII with J1=1 and 1, arbitrary the non-vanishing 
values of f,; and g, are given in table 2. 

In the practical applications of these results it must be remembered that the 
energy of the parent ion must always be added. The coefficients of the Cou- 
lomb- and exchange integrals for two holes in a p-shell is the same as for two 
p-electrons (see [3] p. 299) and are given e.g. in [3] p. 198. The spin-orbit 
energy for the same system can e.g. be found in table 1" p. 268. 
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Note added in proof. In Tables 2c and 2d, 4 9, is tabulated instead of 2 93° This is due to 
the fact that in proof-reading a factor of + in the 9,8 was found to have been omitted and 


it was too late to multiply the whole of the tables by 3. 
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